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ABSTRACT. A Lebesgue-type decomposition is obtained for finitely
additive set functions on a ring with values in topological groups. Correspond-
ing results for Fréchet-Nikodym topologies are included. This generalizes
Darst’s result for real-valued set functions and a result of Drewnowski.

Introduction. Let R be a ring of sets, and let u and » be finitely additive
functions on R with values in commutative topological groups. In [7], we saw
that if y is s-bounded we can give an adequate Lebesgue-type decomposition
theorem for the algebraic type of absolute continuity (i is v-continuous in this
sense if y vanishes on v-null sets). This sort of decomposition is of primary inter-
est when u is g-additive, R is a o-ring (or §-ring), and the range of v is metrizable.
The reason is that, in this case, the algebraic type of absolute continuity actually
implies a topological continuity [2], [9] (roughly speaking, u is v-continuous in
this sense iff u(4) is small whenever »(E) is small for all F in R contained in A).
For finitely additive functions, it is this condition which is really of interest. In
the real-valued situation, Darst [1] proved that for bounded, real-valued additive
functions, u, v, there is a Lebesgue decomposition for this kind of absolute con-
tinuity; namely, that u can be uniquely written as the sum of bounded additive
functions u, , u, such that u, is vcontinuous and u, is v-singular in the sense that
for each € > 0 there exists £ in R such that for all 4 in R, (4 N E) < € and u(4\E)
<€ (Darst assumed R was an algebra, but this is no less general).

In [7], we obtained a Lebesgue-type decomposition for group-valued set
functions using the topological type of v-continuity. Unfortunately, the singu-
larity condition (called continuity nowhere) was formally weaker (cf. §3).
Drewnowski [2] obtained a very nice decomposition for group-valued functions
using a stronger notion of singularity, in the case the dominating set function
has (pseudo) metrizable range. Drewnowski reminds us that (topological) v-
continuity is the same as continuity in the uniform topology [2], [6] induced
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on R by v— if v is nonnegative real valued, this is the topology of the metric
(4, B) — v(A A B) — and he takes this point of view in his decomposition. He
thus decomposes u with respect to a so-called Fréchet-Nikodym topology on R.
(He still must assume that this topology is pseudometrizable, or is generated by
an “‘additivity” [3, 2.1].)

In this article, we complete this circle of ideas, giving the analogue of
Darst’s theorem for group-valued additive set functions, and a corresponding
decomposition for Fréchet-Nikodym topologies.

0. Notation. Throughout the paper, N is the set of nonnegative integers;
Y and Z are commutative topological groups (written additively); V and (W are
bases for the neighborhoods of 0 in Y and Z, respectively, consisting of closed
symmetric sets; R is a ring of subsets of a space S.

For subsets A4, B of S, we write

AB=ANB, A\B={a€A:a¢B}, A°=S5S\A, AAB=(A\B)UB\A).
For any set function ¢ on R,

w((4)) = {p(F): AD E € R}.

We assume that u is finitely additive on R to Y, and v is finitely additive
on Rto Z.

Note. Since we are dealing with additive functions, requiring that Y and Z are com-
mutative is really no restriction: for 4, B in R, u(4) + p(B) = u(4 V B) + u(4B) = w(B)
+ u(A). So u has commutative range.

Usually we will impose the condition that u be s-bounded [5], [7], that is,
that u(4,) — 0 whenever 4 = (4,); is a disjoint sequence in R. Drewnowski
[2], [3] used the term “exhaustive” for this concept.

Finally, for the purpose of €/2"-type arguments given V in |/, we choose,
by continuity of addition, neighborhoods ¥,, in V such that for all n, T, V;
cV.

1. The main results. In this section we suppose that the topological group
Y is Hausdorff. We are interested here in the “e, §”-type of absolute continuity
and singularity:

1.1. DEFINITIONS. (1) uis v-continuous iff for each V in V, there exists
W in [V with u(4) € V whenever 4 € R and v((4)) C W.

(2) u is v-singular iff for each ¥ in / and W in W, there exists 4 in R
with »((4)) C W, u(4°) C V.

Here is the Lebesgue decomposition for these notions:

12. THEOREM. Let u be s-bounded and finitely additive on the ring R to
a complete subset of Y, and let v be finitely additive on R to Z. Then there ex-
ist unique s-bounded finitely additive functions i, u, on R to Y such that u =
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My t 1y, 1y is v-continuous, and w, is v-singular.
Both u, and p, are p-continuous.

In fact, we shall see that there are formulae for calculating the continuous
and singular parts (2.2). Although our main interest is the above result in this
form, we are going to reword it a bit so that we may answer a question of
Drewnowski [3].

To each group-valued set function on R corresponds a natural uniform
topology on R.

1.3. DEFINITIONS. (1) For the set function » on R to Z, the v-topology
on R (denoted by G,) is that topology on R which has a base for the neighbor-
hood system of a member 4 of R consisting of the families {B € R: »((4 A B))
C W}, for Win .

(2) A topology G on R is called a Fréchet-Nikodym topology, provided
that under this topology the map (4, B) — A A B on R x R to R is continuous
and the map 4 — AB on R to R is continuous uniformly for B in R.

The notion of Fréchet-Nikodym topology (“FN” topology) was introduced
by Drewnowski [2] and studied in detail. (See also Sion [6].) Since we have
assumed that v is additive, it is evident that the v-topology on R is an FN to-
pology. Any FN topology on R makes R into a topological group and renders
the map (4, B) — AB uniformly continuous. We should also point out that in
an FN topology, @ has a base of neighborhoods G with the added property that
for each 4 € G, AE € G for all E in R.

Let G be an FN topology on R. We see that u is G-continuous iff for each
Vin U there is a neighborhood G of @ in G with u(4) € ¥ for all 4 in G.

An appropriate definition for G-singularity is :

14. DEFINITION. u is G-singular iff for each ¥ in |/ and each G-neighbor-
hood G of @, there exists 4 in G with u((4°)) C V.

L5. REMARKS. (1) Evidently, u is v-continuous iff u is G, -continuous and
u is v-singular iff u is G,-singular.

(2) However, this “generalization” is only conceptual. Indeed, if G is an
FN topology on R, then (R, 4) is a topological group under G and, putting v(4)
= A defines an additive map on R to this group with G, = G.

Now we can restate 1.2 so as to answer Drewnowski’s question [3, p.47].

1.2. THEOREM. Let u be s-bounded and finitely additive on R to a com-
plete subset of Y and G an FN topology on R. Then, there exist unique s-
bounded finitely additive functions y, and u, on R to Y such that u, is G-con-
tinuous and p, is G-singular.

Both y, and p, are p-continuous.
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Actually, Drewnowski’s definition of singularity is different from ours,
but we will see that in the context of the theorem they are the same (Theorem
3.3).

2. The construction. Although it could be avoided, it is convenient to
generate an FN topology by submeasures.

2.1. DEFINITION (DREWNOWSKI [2]). ¢ is a submeasure on R iff g is a
function on R to [0, ) with q(&) = 0 such that for 4, Bin R, q(4 U B) <
q(A) + q(B) and A C B implies q(4) < q(B).

Drewnowski showed [2, I, 2.7] that for any FN topology G on R there is
a family Q of continuous submeasures on R which form a base for G in the sense
that the families {4 € R: g(4) <€} (g €Q, € > 0), form a base for the G-
neighborhoods of @. The proof is easy: since G makes (R, A) a topological
group, there is a family P of continuous invariant pseudometrics which generate
G. For each p in P, put

p(4) = sup p(4E,o).
EER

Take

Q ={max p : P’ is a finite subset of P }.
pEP'
Note that we can assume that Q is directed to the right by <: q; < ¢, iff
4,(4) < q,(A) for all 4 in R.(%)
From now on, G is a fixed FN topology on R; Q is a base of submeasures
for G, directed to the right by <; and for g in Q, we put

K, = {a: a=(a,), is a decreasing sequence in R with g(a,) — 0}.

We note that K, is directed to the right by < a < iff @, C B, for all n in N.
The operators which give the decomposition 1.2" can now be defined.
22. DEFINITION. For 4 in R and ¢q in Q, put

cuA) = lim lim p(A\e,), s,uA)= lim lim p(Ae,);

a€EK q n aEK q n
cu(d) = lim c u(A), su(A) = lim s u(A),
q€Q q€EQ

where Q and K, are directed as indicated above—provided the limits exist.

(2)In case Y is a topological vector space with topology generated by a family S of
seminorms and v is finitely addjtive on R to Y, the natural base of submeasures for the »-
topology is obtained by assigning to each s in S the s-semivariation of v, sv(4) =
sup pep S(¥(AE)) and putting {qlg = maxg' SV, S’ is a finite subset of S}. In case Y
is a group, quasinorms [2] are used instead of seminorms.
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Evidently, if one of Cqkt and SqM exists, so does the other and pu = Cqkt +
Sqi. Similarly for cit and sp. Theorem 1.2' and a little more follows from the
following lemmas (sba(R, Y) denotes the group (vector space if Y is a topological
vector space) of s-bounded finitely additive functions on R to Y.)

23. LemMas. Assume Y is Hausdorff and complete and let u € sba(R, Y).

(1) The limits defining cqu(A) and squ(A) exist in Y, uniformly for A in R.

(2) The limits defining ci(A) and su(A) exist in Y, uniformly for A in R.

(3) cu and su are p-continuous.

(4) c and s are additive (linear) operators on sba(R, Y) to sba(R, Y).

(5) If nis Gcontinuous then cu = u, s = 0.

(6) If uis G-singular then su =y, cu = 0.

(7) cu is G-continuous.

(8) su is G-singular.

9) If u=p, + p, where uy, p, € sba(R, Y), u, is G-continuous and y,
is G-singular, then p, = cy, y, = Su.

In the case Y is complete, Theorem 1.2’ follows immediately from 2.3, the
desired decomposition being u = cu + su. If we only assume u has its range in
a complete subset of Y, we are not much worse off: Embed Y in its completion
Y ; then cu(4) and su(A) exist in Y and have all the desired properties. But since
the range of u has complete closure, we see from their definitions that cu and su
actually take their values in Y.

PROOFS OF THE LEMMAS 2.3. By an easy indirect argument, which by now
is quite -standard, one can see that p is s-bounded iff for each disjoint sequence £
in R, u(AE,) — 0 uniformly for 4 in R, or equivalently, since Y is complete,
iff for each increasing (or decreasing) sequence a in R, lim,, u(Aa,) exists uni-
formly for A in R. For these proofs, let us denote such a limit by (4, «).

(1) It is sufficient to show that, for each q in Q, s u(4) = lim g H(4, o)
exists in Y, uniformly for 4 in R. Fix q in Q and assume that the net (ﬁzA, a):
aE Kq) does not converge uniformly for 4 in R. Then, for some ¥V in /, we can
choose, for each n in N, " in K, with o* < o1 and

0) HA, ) —uA, Y EV+ V4V, for some 4 in R.

Using s-boundedness (see the remark at the beginning of the proof) we choose
recursively k,, in N, for n in N, with k, <k, ., and u((ck,\o})) C V,, for k
= k,. This implies two things. First, since V, is closed, that

(++) (Ao}, ) - (A, «*)E V,, forall Ain R;

secondly, that for all i <n, p((ocf,i\o[,'(")) C V,. [Indeed, fori<n, o <a” (so
that o Cof ) and k, > k;, so u((dh\ok,)) C p((ek,\ok,,)) € V;.] Now, put
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B, =Uko oz‘,"i. Then, since u is additive,
n—1
WBN) = u(( U o\ )) C T MENENC Voo Vo,
i=0 i<n

which together with (**) yields
HAB,) ~ A, &) EVy + -+ V, CV,

for all 4 in R and n in N. But u is s-bounded, so for large n, u(48,,,) =
u(AB,) € V for all A in R. Thus,

B4, ") = [(4, *+1) = T4, &)~ p(4B,) + H(AB,) - U(AB, ;)
+ UAB, )~ E (4, ")
EV+V+Y,

for all 4 in R. This contradicts (*) and proves (1).
(2) It is sufficient to show that the net (squ(A): q € Q) converges uni-
formly for 4 in R. The proof is similar to that of (1) but a little more delicate:
If the conclusion were false, then for some ¥ in |/ we could choose, for
eachnin N, g, in Q such that ¢, <gq,,,, and:

(*) Sq,MA) = 5q, . H(A) ¢V+V+V, forsomedinR.

For each n, find o in Kg,, such that for all @ in K, with &> o, (4, a) -
(A, a") € V,, for all A in R. Since V,, is closed, we also have

(%) Sq,1(A) — W4, a")EV, forAdinR.

Now, if a is any member of K, then the sequence a U o = (a; U o), also
belongs to K, and @ U & > a”, so we have

lim u(Ae\o) = 14, a U ") - (4, «") E V,,.
k

Ifi<n,thenq;<q,,s0d" €K, C Ky, and by the last sentence,
lim; (Ao \ok) € ¥, for all A in R. Putting B} = (,<, o4, we have for all 4
in R,

n—1

(A, o) - 74, f*) = lim y( U (a;;\a',;)> EVy+--+V,,,
k i=0 :

so that using (**), s, ,u(4) — B(4, BYEV,+ -+ V,. Now, choose for each
n, k, in N with k, <k, ., and (4, B") = u(4B%,) € Vp4,, forall 4 in R.
Then

(++%) Sq MA) ~HABL YE Vo + -+ V, + V, CV.

+1

1 and u is s-bounded, so that for large n,

Moreover, for each n, f%, D By
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MABk,) — u(AB’,;:’,: ) E Viorall 4in R. Combined with (+*#) this contra-
dicts (%) and (2) is proved.

(3) Foreach A in R, Vin V, if u((4)) C V then cu4) =
lim, lim, lim,, w(A\e,) € V, since V is closed. Thus cu is u-continuous. Simi-
larly for su.

(4) By continuity of addition in Y, we see that cu and su are finitely addi-
tive. Since each is u-continuous, each is clearly s-bounded also. Thus ¢ and s
map sba(R, Y) into itself. The additivity (linearity) of ¢ and s also follow from
continuity of the operation(s) in Y.

(5) Suppose u is Gcontinuous. Given Vin V, find g, in Q and € >0
such that q,(4) < € implies u(4) € V. If q = q,, for each a in K q We have for
large n, q4(Aa,) < q(a,) < € and hence u(4a,) € V, for all 4 in R. Letting n
and then a run, we have squ(A) in ¥ for q > q,, A € R. This proves su =0
and hence cu = pu.

(6) Suppose u is G-singular and let V € |/, ¢ € Q. For each n in N, choose
A, in R with q(4,) <1/n + 1 and u(4°)) C V,. Put o, =7y 4;- Then
a €K, and we can easily check that for §>a, lim, u(4\8,) €V, for all 4 in R.
Thus cqu(A) € V for arbitrary ¥V in |/ and ¢q in Q, whence ¢ = 0 and su = u.

(7) To show that cu is continuous, first let ¢ € Q and let A be a decreas-
ing sequence in R with q(4,) ~ 0; that is, let A €K 7 Since the limits defining
€qH(A,;) are uniform in i, we have limic,u(4;) = lim, lim, lim; u(4,\a,). But for
a> A4, A)\a, =g for i >n, so this limit is 0. By Drewnowski [2, II, Theorem
6.1], this shows that C4M is g-continuous; that is, continuous in the topology
induced on R by ¢q. Since q is itself G-continuous, Cqkt is G-continuous. But
according to (2), lim,c,u(4) exists uniformly in 4. Hence, if (4)); is a net con-
verging to & in G, we have lim; cu(4;) = lim lim; c,u(4;) = 0, as claimed.

(8) Since cu is continuous and s-bounded we can apply (5) to get s(cu) =
0. But then su = scu + ssu = ssu.  Thus, it is sufficient to show that su = u
implies u is G-singular. Accordingly, suppose su = . We notice first that if V €
V, B € R and u(B) ¢ V, then for each q, in Q and € > 0 there exists B’ in R
contained in B such that u(B") & V and q4(B") <e(x). [Indeed, if
limq lim, lim, u(Ba,) = su(B) = u(B) €V, a closed set, then there exists g =>
94> and a in K, Py such that for large n u(Ba,) € V. Choose # large enough that
q(a,) < € and take B' = Ba,,.]

Now, suppose u is not singular. Then there exists ¥ in |/, ¢ in Q and € >
0 such that, whenever 4 € R and g(4) < €, A contains some B in R with u(B)
¢ V. Start with 4 = g and combine this fact with (*) to find 4, in R with
uAy) €V, a(4,) < €/2. Recursively, suppose 4, . . . , 4, are disjoint mem-
bers of R, chosen so that u(4,) ¢ V, q(4,) < e€/2'*!,fori=0,...,n. Then
qAg V- --UA,)<esothat (A4, U+ -UA,)° contains a member 4, ,, of



314 TIM TRAYNOR

R with u(4,,, ;)  V which by (+) may be chosen so that q(4,,,,) < €/2"*+2.
The disjoint sequence thus constructed contradicts the hypothesis that u is s-
bounded, so u is singular.

(9) If u=pu, + u, where y,, u, are as stated, we apply (5) and (6) to
get cu = cuy + cpy = uy (and sp = p,).

3. Singularity. In the next three sections, we consider some corollaries
and extensions of the above results. We continue to assume that u is a finitely
additive function on the ring R to the commutative topological group Y and that
Gis an FN topology on R. In addition, we introduce the following terminology
and notation.

3.1. DeFiNiTIONS. For 4 in R,

(1) A is unull iff u(E) € closure {0}, whenever 4 D E € R;

(2) uy is the map E — pu(AE) on R to Y.

For FN topologies T;, T, on R,

(3) T, VT, is the smallest (FN) topology containing T, and T,.

(4) T, AT, is the largest FN topology contained in T, and T,.

(5) O denotes {&, R}, the trivial topology on R.

In this section, we wish to compare our definition of singularity with two
related notions.

3.2. DEerFINITIONS. (1) u is nowhere G-continuous iff each 4 in R for
which u, is G-continuous is y-null.

(2) u is extremely non-G-continuous iff G, AG=0.

In [7, Theorem 2.4] we used the first notion to obtain one version of the
Lebesgue decomposition. (In that paper we talked only about continuity with
respect to a group-valued additive set function, but in view of 1.4(2), this is no
less general.) Drewnowski [3] used the second notion (which he referred to
both as “extreme noncontinuity” and as “singularity”) to obtain a Lebesgue
decomposition in the case where G was generated by one submeasure or by an
“additivity”. In general, singular = extremely noncontinuous => nowhere contin-
uous, but in the context of 1.2 or 1.2'—where u is assumed s-bounded—we find
that all three notions coincide! Unfortunately, it appears that we need our pres-
ent construction to prove this, otherwise we could just apply the above men-
tioned result from [7] to obtain the decompositions of §1. The definition used
in this paper was chosen because it seems to give more insight into the nature of
singularity, it is probably more useful, and it more closely resembles the defini-
tion often used in the real-valued case [1].

3.3. THEOREM. Let u: R — Y be finitely additive, and let G be an FN
topology on R.
(1) If wis Gsingular, then u is extremely non-G-continuous.
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(2) If uis extremely non-G-continuous, then u is nowhere G-continuous.
(3) In case y is s-bounded, all three conditions coincide.

Before proving this, we note that the concepts involved only depend on
the u-topology G“, not on u itself:

34. Lemmas. (1) If u, and p, are topological group-valued additive set
functions which are equivalent in the sense that Gy, = G, then u, is G-contin-
uous (or G-singular, or extremely non-G-continuous, or nowhere G-continuous,
or s-bounded) iff u, is.

(2) Given any topological group-valued additive set function on R, there
is an equivalent one with range in a complete Hausdorff group.

ProOF. (1) This is straightforward and is left to the reader. However,
for future use, we note that u is G-continuous if and only if G, C G.

(2) Suppose u is additive on R to Y. Let Y, be the Hausdorff group
obtained by identifying x and y iff x — y € closure {0}, let 7w be the canonical
homomorphism of Y onto Y, and put & = © u. If V is an open neighborhood
of 0 in Y then m[V] is a neighborhood of the origin in Y, with 7! [z[V]] =
V; conversely, if U is a neighborhood of the origin in Y, 7~ 1[U] is a neighbor-
hood of 0 in Y, with #[s~* [U]] = U. From this, we can easily check that G,
= G- Of course, completing Y, will not change the topology Gz, so we are
done.

ProoF oF 3.3. (1) Let u be G-singular and suppose that G is a neighbor-
hood of @in G, A G. By definition of FN‘topology (1.3(2)), there is another
neighborhood G, of gin G, A G with Gy AGy ={AAB: 4,BEG,}CG
and {4B: A € Gy, BE R} CG,. Since G is a G ,-neighborhood of &, there
exists Vin U/ such that {£ € R: u((E)) C V'} C G,. Fix sucha V. Since G,
is a G-neighborhood of & and u is G-singular, there exists 4 in G, with u((4°)) C
V. Thus, for all B in R, B =BA UBA° € Gy A G, C G. This shows that R is
the only neighborhood of gin G, A G, so p is extremely non-G-continuous.

(2) Suppose u is extremely non-G-continuous. If 4 € R and p,, is G-
continuous, then G, C G, AG,s0 Gy 4= 0 = {2, R}. This means that for
all Bin R and all Vin V, w(AB) = u,(B) € V. Thus pu((4)) € closure {0} and
A is g-null.

(3) By Lemma 3.4, we may assume Y is Hausdorff and complete. If u is
s-bounded and nowhere u-continuous, write u = cu + su, where cu is G-contin-
uous and su is G-singular. Since sy is also nowhere continuous by (1) and (2),
we see that cu is both continuous and nowhere continuous. Thus each 4 in R
is cu-null, so u(4) = cu(Ad) + su(4) = su(A); whence, u is singular.
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4. Decomposition of FN topologies.

4.1. DerINITION. For an FN topology T on R, T is called exhaustive or
s-bounded iff each disjoint sequence in R converges in T to &.

Along with his question on decomposition of additive set functions, Drew-
nowski [3, p. 47] asks whether exhaustive FN topologies can be similarly decom-
posed. We see now that the answer is “yes”.

4.2. THEOREM. Let T be an exhaustive FN topology on R and G any other
FN topology on R. Then there exist unique FN topologies T, and T, on R
with T=T, VT,, T, CG,and T, A G = 0.

Proor. Think of (R, A) as a topological group (Y, +) under the topology
T. The identity map u: R — Y (u(4) = A) is clearly finitely additive and s-
bounded, with G, = T. By Lemma 3.4, there exists an equivalent additive i on
R to some complete Hausdorff topological group Y. Write u = ci + s, the de-
composition into G-continuous and G-singular parts. Put Ty = G ; and T, =
Ggz- Then T; CGand, by 33(1) T, AG = 0. Since both cl and sg are 1-
continuous, T; V T, C T. On the other hand, since f = cii; + sg, we easily
check that T=G; C T, V T,.

5. The Hewitt-Yosida decomposition; additivities. ~We now consider the
problem of representing an additive function as the sum of a g-additive and a
“purely finitely additive” one. The notation of §0 is still assumed.

5.1. DEFINITION. For a finitely additive function g on R to Y, u is
purely finitely additive iff u is v-singular for each o-additive function » on R to
a (commutative) topological group.

With this definition, we can state the following Hewitt-Yosida-type theorem.

52. THEOREM. Assume Y is Hausdorff and let u be finitely additive on
R to a complete subset of Y. Then there exist unique s-bounded finitely addi-
tive functions u and p, such that p = p; + u,, p, is o-additive and p, is
purely finitely additive.

In [8], we obtained such a theorem, with a slightly weaker definition of
“purely finitely additive”; namely, “u is v-singular for each s-bounded finitely
additive function » on R to a commutative topological group”. The s-bounded-
ness of v was superfluous to the proof. Its use [8, p. 1168, 1. 19] can be re-
placed by appealing to Lemma 5.3 below. We now feel that the present defi-

. nition is the “right one”. (Of course, by arguments such as those in §3, we see
that for u s-bounded the two conditions coincide.)

53. LEMMA. Let v be finitely additive on R to Z. Then v is o-additive
iff for each decreasing sequence A in R with n,, A, =@, v(EA,) — 0, uni-
formly for E in R;ie. A, — Zin G,.
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Proor. The condition is clearly sufficient. On the other hand, if the
condition were not satisfied, then for some W in (/, there would exist a subse-

quence B of A and a sequence E in R with »(E,,B,,) — (E,B,,,.{) & W, for all
n. Rewrite this: »(E,B, UB, ,,) — "B, ) & W. But each of these terms
tends to 0 by g-additivity, a contradiction.

Theorem 5.2 fits into the context of §§1 and 2 as follows. We could
replace the K q’s of Definition 2.2 by one family K, the set of all decreasing
sequences in R with void intersection. Then the o-additive and purely finitely
additive parts are given by lim,c, lim, u(A\e,), lim e, lim, u(Aa,), respec-
tively. (The third iterated limit being unnecessary.) This method is actually very
close to that of [8] and of [3]. (See Remarks 5.4 below.) If it is preferred,
we could regard 5.2 as a special case of 1.2".

Call an FN topology G on R order continuous [2, 111, p. 439] iff for each
decreasing sequence 4 in R with ) nA, =8, A4, — 0in G. There is a largest
such topology. This follows from [2, III, 8.1], but it is easy to check directly:
let 7 be the set of all order continuous FN topologies and see that the topology
G, generated by | <, G is also an order continuous FN topology, hence the
largest one. Theorem 5.2 now follows from 1.2 and the following lemmas.

LemMAS. (1) u is Gy-continuous iff u is o-additive.
(2) w is Gy-singular iff u is purely finitely additive.

We omit the easy proofs.

S.4. Additivities. The proof of the Hewitt-Yosida decomposition given in
[8]involved the generation of an outer measure and restricting it to R. If we
confine our attention to R, the construction looks like this: To each 4 in R,
correspond the family &[A4] of countable partitions of 4 by members of R,
directed by refinement. The o-additive part of u is given by u,(4) =
limpes( 4] Zgep M(E), and the purely finitely additive part by u,(4) = u(4) -
K4(A). Drewnowski [3] also noticed this (independently) and introduced the
notion of an additivity, a generalization of the notion of the partitions just men-
tioned. This enabled him to neatly prove the Hewitt-Yosida decomposition and
the Lebesgue decomposition simultaneously. The latter was obtained only for
the case that v takes its values in a pseudometrizable group. We now see that it
could have been done in general, using families of additivities. Indeed, we could
have replaced in 2.2 the family K, by the g-additivity &, [3, p. 29] and ob-
tained c p(4) = limpeeq[ 4] Zgep W(E). The K, q are, however, technically
easier to handle.

6. Remarks.
6.1. THE 0-ADDITIVE CASE: THE METHOD OF IDEALS. Here we wish to out-
line how the method of §2 simplifies if u is o-additive on a o-ring R (a 8-ring would



318 TIM TRAYNOR

do). Assume Y is Hausdorff and complete and that Q is a base of submeasures
for an FN topology on R. For each ¢ in Q, let N, ={4 €R: q(4) = 0}.
Then N, is an ideal in R and the G-continuous and G-singular parts of u are
given by

cu(d) = lim  lim p(4A\E), su(4) = lim lim u(4E),

q9€Q EEN, q€EQ EEN,

where N, is directed upward by inclusion and Q is directed as in §2. (This is
a natural extension of the method of [7].) In this framework, the relevant lem-
mas corresponding to 2.3 are somewhat easier to prove.

6.2. THE ADDITIVE CASE — FROM THE O-ADDITIVE ONE. Now, suppose
one is interested in the decomposition theorem 1.2 but not in formulae such
as those in 2.2. We could proceed as follows. Given a finitely additive s-bounded
function u on a ring R to a complete subset of the Hausdorff group Y. For sim-
plicity, take Y complete and R to be a field (if necessary, put u(4A€) = — u(4)
for A in R to extend u from a ring to a field). Now use a standard trick:

Let 7 be the Boolean isomorphism of R onto its Stone representation R
[4, p. 41]. Define & on R by m(A4) = u(r~1(4)). The function [ is automati-
cally o-additive—every decreasing sequence in R is eventually constant—so i may
be extended to a g-additive function on the o-field R generated by R [6], [8].
(Here s-boundedness is used.) The isomorphism = also transfers G to an FN_
topology G on R and this can be extended [2 I11, 8.3] to an FN topology e
on R. Now, use 6.1 to decompose u i into G-continuous and @-smgular parts
cit and sp. Put u, (A) = cfi(n(A)) and 1,(4) = sf(n(4)) for A in R. Thenp =
My + p, is the desired decomposition.

Although the method of 6.1, 6.2 is much less elementary than that of §2,
it is the one which first led to the discovery of Theorem 1.2, and thence to the
present paper.

6.3. THE LocAL SETTING. There has lately been considerable interest in
looking at what happens if a property of set functions holds only locally. A map
u: R — Y has a property locally iff the map u,: R — Y defined by u,(E) =
M(AE) has this property, for each 4 in R. Much of the above work has a local
analogue. For example, Theorem 1.2’ can be modified to read “If u is locally
s-bounded finitely additive on R to a complete subset of Y, then there exist
unique locally s-bounded finitely additive functions u,, u, such that u = u, +
My, py is locally G-continuous, and u, is locally G-singular”. The usual trick
works: Find cu, and su, for 4 in R and put u,(4) = cu,(4), uy(4) =
s, (A).

It is perhaps worth pointing out that u is locally s-bounded iff for each
decreasing sequence A in R, (u(4,)), is a Cauchy sequence in Y.
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ADDED IN PROOF. 1. The suggestive terminology “sideways contin-
uous” is used by Alexiuk and Beznosikov instead of “s-bounded” or “exhaus-
tive”. This is probably better, since s-bounded (which is short for “strongly-
bounded’’) only implies bounded for additive set functions and only “exhausts”
when the corresponding FN topology is metrizable.

2. Of interest in connection with this paper are:
T. P. Dence, A Lebesgue decomposition for vector valued additive set
functions, Pacific J. Math. §7 (1975), 91-98, and

R. B. Darst, The Lebesgue decomposition for lattices of projection opera-
tors, Advances in Math. 1 (1975), 30-33.
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